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Fourier-Motzkin Variable Elimination

Outline

@ History
© Lincar Arithmetic over the Reals

© Partitioning and Bounds

@ Complexity
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zkin Variable Elimination

@ Goal: decide satisfiability of conjunction of linear constraints over

reals
/\ Z a;;jx; < b

1<i<m 1<j<n
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zkin Variable Elimination

@ Goal: decide satisfiability of conjunction of linear constraints over

reals
/\ Z a;;jx; < b

1<i<m 1<j<n

o Earliest method for solving linear inequalities

@ Discovered in 1826 by Fourier, re-discovered by Motzkin in 1936
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Fourier-Motzkin Variable Elimination

@ Goal: decide satisfiability of conjunction of linear constraints over

reals
/\ Z a;;jx; < b

1<i<m 1<j<n

Earliest method for solving linear inequalities
Discovered in 1826 by Fourier, re-discovered by Motzkin in 1936

Basic idea of variable elimination:

e Pick one variable and eliminate it
o Continue until all variables but one are eliminated
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Linear Arithmetic over the Reals

Input: A system of conjoined linear inequalities AT < b

air a2 - e Qip x1 b1
. a1 a2
m constraints <
am1 a22 -+ -+ Qmn T bn
n variables
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Removing unbounded variables

o lteratively remove variables that are not bounded in both ways

(and all the constraints that use them)

@ The new problem has a solution iff the old problem has one!

8z > Ty
r > 3
y =2 z
z > 10

20 > =z
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Removing unbounded variables

o lteratively remove variables that are not bounded in both ways
(and all the constraints that use them)

@ The new problem has a solution iff the old problem has one!
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Removing unbounded variables

o lteratively remove variables that are not bounded in both ways
(and all the constraints that use them)

@ The new problem has a solution iff the old problem has one!

S—>—Fy—

——3 Yy >z
y = z — z > 10
z > 10 20 > z
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Removing unbounded variables

o lteratively remove variables that are not bounded in both ways
(and all the constraints that use them)

@ The new problem has a solution iff the old problem has one!
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Removing unbounded variables

o lteratively remove variables that are not bounded in both ways
(and all the constraints that use them)

@ The new problem has a solution iff the old problem has one!

S—>—Fy—

——>—3— —y—=z

Yy > oz — z > 10 — 23510
z > 10 20 > =z a
20 > =z
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Partitioning the Constraints

1. When eliminating x,,, partition the constraints according to the
coefficient a;,:
e a;y > 0: upper bound 3;
e a;, < 0: lower bound f3;
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Partitioning the Constraints

1. When eliminating x,,, partition the constraints according to the
coefficient a;,:
e a;y > 0: upper bound 3;
e a;, < 0: lower bound f3;

n
> aij x5 < b
J=1
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Partitioning the Constraints

1. When eliminating x,,, partition the constraints according to the
coefficient a;,:
e a;y > 0: upper bound 3;
e a;, < 0: lower bound f3;

n
> aij x5 < b
J=1

n—1
= Ain * Tp < bi— E Qaij - Tj
7j=1
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Partitioning the Constraints

1. When eliminating x,,, partition the constraints according to the
coefficient a;,:
e a;y > 0: upper bound 3;
e a;, < 0: lower bound f3;

n
> aij x5 < b
J=1

n—1
= Ain * Tp < bi— E Qaij - Tj
j=1

b n—l Qi s
i i,

= 1z, < 75 ]-xj =: 03;
Ain - Ain
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Example for Upper and Lower Bounds

(
(
(
(

Category?
1) z3—22<0
2) Tr1 — I3 < 0
3) —z1+ax2+223<0
4) —XI3 S -1

Assume we eliminate x.
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Example for Upper and Lower Bounds

1)
2)
3)
4)

~ NS

Category?
r1—x2 <0 Upper bound
Tr1 — I3 < 0
-1 +x2+ 223 <0
—xI3 < -1

Assume we eliminate x.
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Example for Upper and Lower Bounds

Category?
1) z3—22<0 Upper bound
2) z1—23<0 Upper bound

3) —z1+ax2+223<0
4) —XI3 S -1

~ NS

Assume we eliminate x.
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Example for Upper and Lower Bounds

Category?
(1) z1—22<0 Upper bound
(2) z1—23<0 Upper bound
(3) —x1+x2+ 223 <0 Lower bound
(4) —XI3 S -1

Assume we eliminate x.
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Adding the constraints

2. For each pair of a lower bound a;,, < 0 and

upper bound a, , > 0, we have

Bl S Ly, S ﬁu

3. For each such pair, add the constraint

61 < ﬂu
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Fourier-Motzkin: Example

Category?
) r1 — T2 § 0
2) r1 — I3 S 0
) —T1+22+223<0
) —w3< -1
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Fourier-Motzkin: Example

Category?
(1) x1—22<0 Upper bound
(2) 1 —x3<0 Upper bound
(3) —x1+x2+223<0 Lower bound
(4) —X3 S —1

we eliminate z;
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Fourier-Motzkin: Example

Category?
(1) x1—22<0 Upper bound
(2) 1 —x3<0 Upper bound
(3) —x1+x2+223<0 Lower bound
(4) —X3 S —1

we eliminate z;
(5) 223<0 (from 1,3)
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Fourier-Motzkin: Example

Category?
(1) x1—22<0 Upper bound
(2) 1 —x3<0 Upper bound
(3) —x1+x2+223<0 Lower bound
(4) —X3 S —1

we eliminate z;
(5) 223<0 (from 1,3)
(6) z2+23<0 (from 2,3)
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Category?

(1) 0
I LT LY =~ U
(2 - 0
=) T L3 = U
(2) I ) Ia
77 LT T LZ T ZL3 = U
(4) —XI3 S -1
we eliminate z;
(5) 223<0 (from 1,3)
(6) x2+x3<0 (from 2,3)
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Category?

(1) 0
I LT LY =~ U
(2 - 0
=) T L3 = U
(2) I ) Ia
77 LT T LZ T ZL3 = U
(4) —XI3 S -1
we eliminate z;
(5) 223<0 (from 1,3)
(6) x2+x3<0 (from 2,3)

we eliminate x3
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Fourier-Motzkin: Example

Category?
(1) Ia
L) LT LT < U
(2 o ()
) LT L3 = U
(2) ! I I8
) LT T LZ T ZL3 = U
(4) —z3< -1 Lower bound
we eliminate z;
(5) 223<0 (from 1,3)  Upper bound
(6) z2+23<0 (from 2,3)  Upper bound

we eliminate x3
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Fourier-Motzkin: Example

Category?

(1) Ia

L) LT LT < U

() o O

) T LI = U

(2) I 9 0

) LT T LZ T ZL3 = U

(4) —z3< -1 Lower bound
we eliminate z;

(5) 223<0 (from 1,3)  Upper bound

(6) z2+23<0 (from 2,3)  Upper bound
we eliminate x3

(7) 0<-1 (from 4,5)

— Contradiction (the system is UNSAT)

D. Kroening, O. Strichman (ETH/Technion) Decision Procedures Version 1.0, 2007



Complexity

e Worst-case complexity:

m%m2
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Complexity

e Worst-case complexity:

2

m — m° — (m2)2
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Complexity
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Complexity

e Worst-case complexity:

m — m? — (m

@ Heavy! So why is it so popular in verification?
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Complexity

e Worst-case complexity:

m — m? — (m

@ Heavy! So why is it so popular in verification?

@ The bottleneck: case-splitting
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